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Abstract. Let M,M' C be smooth real hypersurfaces and assume that M is 
fco-nondegenerate at po £ M. We prove that holomorphic mappings that extend 
smoothly to M, sending a neighborhood of po in M diffeomorphically into M' are 
completely determined by (and depend smoothly on) their 2A;o-jets at pg. As an 
application of this result, we give sufficient conditions on a smooth real hypersurface 
which guarantee that the space of infinitesimal CR automorphisms is finite dimen- 
sional. 



0. Introduction 

A classical theorem of H. Cartan ([HCa]) states that an automorphism / of 
a bounded domain D C is completely determined by its 1-jet, i.e. its value 
and derivatives of order one, at any point Zq G D. If D, in addition, is assumed 
to be smoothly {C°°) bounded and strictly pseudoconvex, then by Fefferman's 
theorem [Fe] any such automorphism extends smoothly to the boundary dD as an 
automorphism dD — > dD. It is then natural to ask: is / completely determined by 
a finite jet at a boundary point p G dD7 An affirmative answer to this question, 
when D is strictly pseudoconvex, follows from the work of Chern and Moser [CM] 
(see also E. Cartan [ECal-2] for the case N = 2, and Tanaka [Tl-2]). Indeed, 
the following local version of Cartan's theorem is a consequence of their work. 
Any holomorphic mapping which is defined locally on one side of a smooth, Levi 
nondegenerate real hypersurface M C and extends smoothly to M , sending M 
diffeomorphically into another smooth real hypersurface M' C C^, is completely 
determined by its 2- jet at a point p G M . Observe that the conclusion is nontrivial 
even in the strictly pseudoconcave case when the mapping extends holomorphically 
to a full neighborhood of p. 

The main objective of the present paper is to extend the above mentioned local 
result to a more general class of real hypersurfaces (Theorem 1 below) . We should 
point out that the result for Levi nondegenerate hypersurfaces follows from the 
construction of a unique Cartan connection on a certain principal G-bundle over 
such a hypersurface. There is no analogue of this construction in the more general 
situation considered in this paper. 
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Let M C C be a smooth real hypcrsurfacc and assume that M is defined locally 
near a point po G M hy the equation p{z, z) = 0, where p is a smooth function with 
p{Po,Po) = and dp{po,po) ^ 0. Let Lj, . . . ,Ln^ with n = A'' — 1, be a basis for 
the CR vector fields on M. We shall say that M is ko-nondegenerate at po if 

(0.1) Span{i"p,(po,Po): \a\ < ko} = , 

where Pz := {dzjP)i<j<N, ■= d/dzj, and standard multi-index notation for 
differential operators is used i.e. L" := L"^ . . . L"". This nondegeneracy condition 
will be given in a different, but equivalent, form in terms of the intrinsic geometry 
of M in the next section. The reader is referred to the book [BER3] for basic 
material on real submanifolds in complex space and CR structures, and further 
discussion of various nondegeneracy conditions (see also §1 of the present paper). 
We mention here only that Levi nondegeneracy at a point po € M is equivalent to 
1-nondegeneracy. Our main result is the following. 

Theorem 1. Let M,M' C be smooth (C°° ) real hyper surf aces. Let f,g: U ^ 
C^, where U C is an open connected subset with M in its boundary, be holo- 
morphic mappings which extend smoothly to M and send M diffeomorphically into 
M'. If M is ko-nondegenerate at a point po € M and 

(0.2) {d:f ){po) = {d:9){po), VaeZ^: \a\ < 2ko, 

then f = g in U. 

Finite jet determination of holomorphic mappings sending one real submanifold 
into another has attracted much attention in recent years. We mention here the 
papers [BERl-2, 4-5], [L], [Hanl-2], [Hay], [Z]. The reader is also referred to the 
survey article [BERG] for a more detailed history. However, in all the above men- 
tioned papers, it is either assumed that M and M' are real-analytic (which will 
imply that all mappings / extend holomorphically to some neighborhood of M), or 
the conclusion is that the formal power series of the mapping / is determined by 
a finite jet (see [BER4], [L]). Theorem 1 appears to be, to the best of the author's 
knowledge, the first finite determination result, since the work of Chern and Moser 
mentioned above, which applies to merely smooth hypersurfaces and smooth map- 
pings. We should mention that if M and M' are real-analytic, then the conclusion 
of Theorem 1 was proved in [BER2] (cf. also [Hani] and [Z]). A related notion is 
that of unique continuation at the boundary for holomorphic mappings. A unique 
continuation principle is said to hold for a class of mappings at a point p if any 
mapping from this class which agrees with the constant mapping to infinite order 
at p is necessarily constant. (Observe that, due to the nonlinear nature of mapping 
problems, a unique continuation principle for a class of mappings into a manifold 
does not imply that two mappings, in this class, which agree to infinite order are 
necessarily the same.) We shall not address this problem further here. We mention 
the papers [ABR], [BR], [BL], [CR], [El], [HK], and refer the interested reader to 
these papers for further information. 

The proof of Theorem 1 is based on Theorem 2 below, and a result from [BER4], 
alluded to above, which asserts that, under the assumptions of Theorem 1, the 
jet of / at Po of any order is completely determined by its 2fco-jet. The proof of 
Theorem 1 is given at the end of §3. 
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Our second result, which is the basis for Theorem 1 above, states, loosely speak- 
ing, that given two suitably nondegenerate real hypersurfaces, there is a system 
of differential equations, which is complete in a certain sense, such that any CR 
diffeomorphism f : M ^ AI' must satisfy this system. The idea to look for such a 
differential system goes back to the work of E. Cartan and Chern-Moser mentioned 
above. The approach was further developed in the work of Han. To formulate the re- 
sult more precisely, we need to fix some notation. Let us denote by J^{M, M')(^p pi-^ 
the space of fc-jets at p G M of smooth mappings f : M ^ M' with /(p) = p' £ M'. 
Given coordinate systems x = {xi,... ,X2N-i) and x' = {x[,... ,a;2jv-i) on M 
and M' near p and p', respectively, there are natural coordinates A*' := (Af ), where 
1 < i < - 1 and /? G Z^^^^ with 1 < |/3| < fc, on J'=(M, M')(p,p') in which the 
A;-jet at p of a smooth mapping / : M — > M' is given by Af = {d^fi){p), 1 < < fc 
and 1 < i < 27V - 1. 

Theorem 2. Let M, M' c be smooth (C°°) real hypersurfaces. Assume that 

M is k()-non,degenera,te at a point pq. Let f'^:M—> M' he a smooth CR diffeo- 
morphism. Then, for any multi-index a G with \a\ = + k"^ -\- + 2 
and any j = 1, . . . , 2N — 1, there are smooth functions r'j{X'';x'){x) on U, where 
A; := /cq + fcg + fco + 1 and U C J'^{M, M')(pj,_p/^) x M x M' is an open neighborhood 
of ((af/O)(0),/O(po),Po), such that 

(0.3) d^fj = r«(af /; /), V|a| = + + ko + 2, j = 1 . . . ,2N - 1, 

where 1 < |/3| < k, for every smooth CR diffeomorphism f : V ^ M' , where 
V C M is some open neighborhood ofpo, with /)(0), /(po),Po) G U. Moreover, 
the functions r" are rational in A*^ G J''{M,M')^pg^p/^^; here, x = {xi, . . . ,X2n-i) 
and x' = {x[, . . . , ajjjv-i) '""e ^^2/ ^^ocal coordinate systems on M and M' near po 
and f^{po), respectively, and /, := f o x'^. 

Similar results for real-analytic hypersurfaces can also be found in [Hanl-2] and 
[Hay]. The idea behind the proof of Theorem 2 is to consider the tangent mapping 
df: CTM — > CTM' and derive differential equations for df using properties of a 
sequence of invariant tensors (generalized Levi forms) which were developed in the 
author's paper [E3]. The proof of Theorem 2 is given in §3. 

We conclude this introduction by giving two applications of Theorems 1 and 
2. For this, we need some more notation. A smooth real vector field X on M is 
called an infinitesimal CR automorphism if the local 1-parameter group of diffeo- 
morphisms, exptX, generated by X is a local group of CR diffeomorphisms (see 
e.g. [BER2] or [SI— 2]). The set of infinitesimal CR automorphisms, defined near 
p € M, forms a vector space over M denoted by aut(M,p). We shall give a sufficient 
condition on M at a point p for dim]Raut(M,p) < oo. A smooth real hypersurface 
M c is called (formally) holomorphically degenerate at p G M, if there exists a 
formal holomorphic vector field 

N 

(0.4) Y = J2a,{z)d,^, 

where the aj (z) are formal power series in z—p, which is tangent to M, i.e. such that 
the Taylor series at p of a defining function p{z, z) for M divides {Yp){z, z) in the 
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ring of formal power series in {z — p, z — p). Being holomorphically nondcgcnerate 
(i.e. the opposite of being degenerate) at a point is a strictly weaker condition than 
that of being fc-nondegenerate for some integer k. (See [BER3, Chapter XI] for a 
more detailed description of the relationship between the two notions). Also, recall 
that M is said to be minimal at p € M (in the sense of Tumanov and Trepreau) if 
M does not contain a complex hypersurface through p. 

Theorem 3. Let M c C-'^ be a smooth (C°^ ) real hypersurface which is holomor- 
phically nondegenerate and minimal atpQ. Then, 



A real-analytic hypersurface M is said to be holomorphically degenerate at 
p £ M if there exists a holomorphic vector field, i.e. a vector field of the form 
(0.4) with the aj{z) holomorphic, tangent to M near p. This definition turns out 
to be equivalent to the one given in the smooth category above (i.e. using for- 
mal vector fields) for a real-analytic hypersurface (see [BER3, Proposition 11.7.4]). 
Stanton [S2] proved that dimRhol(M,p) < oo for a real-analytic hypersurface M, 
where hol(M,p) denotes the subspace of aut(M,p) consisting of those infinitesimal 
CR automorphisms which are real- analytic, if and only if M is holomorphically 
nondegenerate at p. The corresponding statement (as well as results for higher 
codimensional real-analytic submanifolds) for aut(M,p), with M real- analytic, was 
proved in [BER2]. In contrast to the real-analytic case, the condition of (formal) 
holomorphic nondegeneracy is not necessary in Theorem 3. A real smooth hy- 
persurface M in which is holomorphically degenerate and minimal at 0, but 
everywhere Levi nondegenerate outside is given in [BER3, Example 11.7.29]. The 
fact that M is Levi nondegenerate outside can be seen to imply (see the conclud- 
ing remarks in §4.2) that dimRaut(M, 0) satisfies the bound in (0.5). However, if 
there exists a vector field 



where the aj{z, z) are smooth functions whose restrictions to M are CR, tangent to 
M near p, then the arguments in [S2] easily show that dimRaut(M, 0) = oo. This 
discrepancy is addressed further in §4.2. The proof of Theorem 3 is given in §3. 

For our final result, we shall denote by Aut(M,p) the stability group of M at 
p S M, i.e. the group of germs at p of local CR diffeomorphisms f : V ^ M, where 
V C M is some open neighborhood ofp, with f{p) = p. If M is fco-nondegenerate at 
Po: then, by Theorem 1, the jet mapping jp'^° sends Aut(M, po) injectively into the 
jet group G2'=o(C^)po C J'^'">{C^ ,C^)^p^^p^), which consists of those jets that are 
invertible at po- We shall show that the elements of Aut(M,po) depend smoothly 
on their 2fco-jets at po- More precisely, we have the following result. 

Theorem 4. Let M C he a sm,ooth (C°") real hypersurface which is ko- 
nondegenerate at po G M. Then, the jet mapping 



(0.5) 




N 



(0.6) 




i^feo . Aut(M,po) ^ G^feo^cJV) 
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is injective and, for every /"^ € Au.t{M,po), there exist an open neighborhood Uq of 
jpo"if^) in G'^'^" {C^)pg, an open neighborhood Vq ofpo in M, and a smooth (C°°) 
mapping F : x Vq ^ M such that 

(0.7) F{3^lo^f),.)=f, 

for every f G Aut(M,po) with j^^°{f) G Uq. 

For real-analytic hypersurfaces, the result in Theorem 4 (with real-analytic de- 
pendence) was proved in [BERl]. (See [BER4] for the higher codimensional case; 
cf. also [Z].). 

Acknowledgement. The author would like to thank B. Lamel and D. Zaitsev for 
many helpful comments and discussions on a preliminary version of this paper. 

1. Preliminaries 

A real hypersurface M C inherits a CR structure V := T°'^C^ n CTM from 
the ambient complex space C^. (Here, yO'iC^ denotes the usual bimdle of (0, 1) 
vectors in C^.) In this section, we shall consider abstract, not necessarily embedded 
(or integrable), CR structures. At the end of this section, we shall again specialize 
to embedded hypersurfaces, which substantially simplifies some of the computations 
in subsequent sections. The reader is referred to the concluding remarks in §4 for 
a brief discussion of the abstract case. 

Let M be a smooth (C°°) manifold with a CR structure V C CTM. Recall 
that this means that V is a formally integrable subbundle (the commutator of two 
sections of V is again a section of V) such that VpdVp = {0} for every p G M. 
Sections of the CR bundle arc called CR vector fields. We shall denote by n > 1 
the CR dimension of the CR manifold M, which by definition is the complex fiber 
dimension of V, and we shall assume that the CR structure is of hypersurface type, 
i.e. that dim^M = 2n+l. The reader is referred to [BER3] for an introduction to 
CR structures. 

We define two subbundles T°M c T'M c CT*M as follows 

(1.1) T°M := (V© V)-^, T'M = V-^, 

where A-'- C CT*M, for a subset A C CTM, denotes the union over p G M of the 
set of covectors at p annihilating every vector in Ap. Real nonvanishing sections 
of T°M are called characteristic forms and sections of T'M are called holomorphic 
forms. Thus, characteristic forms are in particular holomorphic forms. 

We shall give an alternative definition of fco-nondegeneracy, as defined in the 
introduction, in terms of the intrinsic geometry of M. This definition appeared in 
[E2]. For a holomorphic form w, the Lie derivative with respect to a CR vector 
field X is given by 

(1.2) £xw = X_idu;, 

where j denotes the interior product, or contraction, and d denotes exterior differ- 
entiation. For p G M, define the subspaces 



(1.3) 



T^M := Eo{p) C E^{p) C...C Ek{p) C ... C T'M 
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by letting E). (p) be the linear span (over C) of the holomorphic covectors 
(1-4) {Cx^-.-CxMp), 

where Xi, . . . , Xk range over all CR vector fields and over all characteristic forms 
near p. M is called finitely nondegenerate at p G M if Ek{p) = T^M for some k. 
More precisely, we say that M is fco-nondegenerate at p if 

(1-5) Ek,-i{p)^Ek,{p)=T;M. 

For an argument showing that this definition coincides with that given for embedded 
hypersurfaces in the introduction, the reader is referred to [BER3] (see also [E2]). 
For each k, set 

(1-6) Fkip)=VpnEk{p)^. 
It was shown in [E3] that the mapping 

(1.7) (Xi,... ,Xk,Y,e)^{{Cx,...jCxMp),y{p)), 

defines a multi-linear mapping 

(1.8) VpX...VpX Fk-i{p) X T^M ^ C. 

which is symmetric in the first k positions. The tensor so defined for fc = 1 coincides 
with the classical Levi form, and the space Fi (0) is the Levi nuUspace. 

Let us fix a distinguished point on M denoted by e M. We choose a basis 
Li,... , L„ of the sections C°°(?7, V), where ?7 C M is some sufficiently small 
neighborhood of 0, adapted to the filtration 

(1.9) Vo = Fo(0) D Fi(0) D . . . D Ffe(O) D . . . D {0} 

in the following way. Observe that the sequence of subspaces (0) stabilizes at a 
smallest subspace Ffc(,(0), which equals {0} if and only if M is fco-nondegenerate at 
0. Let rk = n — dimc-F'fc(O) and choose Li, ... , L„ so that Lr^+ilO), . . . Ln{0) spans 
Fk{0) for = 0, 1, . . . ,ko. We shall use the following conventions for indices. For 
j = 1,2, ... , Greek indices a^^\(}^^\ etc., will run over the set {1, . . . ,rj-i} and 
small Roman indices a'-^\ b^J\ etc., over {rj-i + 1, . . . ,n}. Capital Roman indices 
A, B, etc., will run over {1, . . . , n}. 

Now, choose also a characteristic form 6 on M near 0. We write 

(1-10) hA,...A,B ■■= {^A, ■ ■■J^A.O, Lb) , 

where £^ := Cl^ and := La- Note that (/JAi...Afeo(*') (0)) represents the tensor 
defined by (1.7) relative to the bases i^(0), L^(k){0), and ^(0) of Vo, Fk{0), and 
TqM, respectively. 

Let T be a vector field near such that T, La, L^ form a basis for C°°{U, CTM). 
Let 9, 6"^, 6"^ be the dual basis for C°°(C/, CT*M). Note that, for each fc = 1, . . . , fco, 

(fc) 

the covectors 9{0),9°' (0) form a basis for £^(0). For brevity, we introduce the 
functions 

(1-11) hA,...A,:={CA,...CA,e,T), 
and also 

Rab ■~ (^^'^5 La a Lb) , -RSs := id6'~' , Ljj A Lb) 
(1.12) Rl:={de'^,L^AT), R% := {dO^ ,T A L b) ■ 

The following identity is useful. 
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Lemma 1.13. For any nonnegative integer k, and indices Ai,... ,Ak,C, D G 
{1, . . . ,n}, the following identity holds 

(1.14) h^^ x^Qjj = Lgh^^ j^^jj + x^bRcd + ^Ai-.-Ak^CD- 

Proof. Recall that . . . is a holomorphic 1-form and, by the definitions 
(1.10-11), 

(1-15) Ca,... CA,e = hA,...A,DO'' + hA,...A,0. 

Here, and for the remainder of this paper, we use the summation convention which 
states that an index appearing in both a sub- and superscript is summed over; e.g. 
hoO^ = hoO^. We also have, by the definition of the interior product, 

(1-16) hA,...A^cD = (d^A^ ■ ■ ■ Ca,0, Lc a Ld) ■ 

The identity (1.14) follows by applying the exterior derivative d to (1.15) and sub- 
stituting in (1.16). □ 

Define lo to be the smallest integer (. for which 
(1.17) 



hA,...AM^) =0, ^A^,...Ar,De{l,...,n},r<t 
/iA"...A«i5o(0) 7^ 0, for some e {1,... ,n}. 



If no such i exists then we set ^Q = oo. Observe that if M is /c-nondegenerate at 
for some k, then < k, but £(, < oo does not imply finite nondegeneracy. Also, 
note that, for any r < £q, the subspacc F,._i(0) = Vo and, hence, the indices a^, V, 
etc., introduced above run over the whole index set {1, . . . , n}. 

(Also note, by the fact that La is adapted to the filtration (1.9), that if < oo 
then we can take = 1 in (1.17).) 

Lemma 1.18. For any integer r > 2 and any integer j > such that j + r < £o 
and indices Ai, . . . , A^, Ci . . . , Cj, D e {1, . . . ,n}, the following holds 

f^Ai...Ar-lAr.D{^) = (-^A^^Ai...Ar_ir>) (0) 

(1.19) : 

(L^i • ■■LcMA,...Ar-iArD){(i) = {Lcr ■ • •^'c,•iA>Al...A,_l^.)(0)• 
/n particular, 

(1-20) hA,A,...A,^DiO) = {La,,---LaM^d){0)- 

Proof. The first identity in (1.19) follows immediately by evaluating (1.14) at and 
using the definition of io- In particular, it follows that 

(1-21) {LaMi-A.-id){0)=0 

for any 2 < r < £o- Now, the second identity in (1.19) follows by applying Lg^ to 
(1.14) and using (1.21). The conclusion of Lemma 1.18 follows by induction. □ 
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Recall that M is said to be of finite type at e M if La,L^ and all their 
repeated commutators 

(1.22) [Xm,[Xm-l, ■ ■ ■[X2,Xi\ . . .]], Xi, . . . ,Xm & {Li, . . . , 

evaluated at span CTqM. The commutator in (1.22) is said to have length m. 
(A commutator of length one is simply one of the vector fields La, L^-) If M is 
of finite type at 0, then it is said to be of type mo if mo is the smallest integer for 
which all commutators of the form (1.22) of lengths < mo span CTqM. Define £i 
to be the smallest integer £ for which 
(1.23) 

(0,[L^^,...[L^^,Lz5]...])(O) = O, VAi,...A,l?e{l,... ,n}, r<l 
(e, [Lao,. . ■ [LAo,Lno] . . . ]) (0) ^ 0, for some . . . A°, D° € {1, . . . , n}. 

If no such £ exists then we set = oo. Observe that £1 < oo implies that M is of 
finite type mo < £1 + 1 at 0, but the converse is not true, i.e. M can be of finite 
type at while £1 = 00 . 

Proposition 1.24. If either of the two integers £o,ii is finite, then they are equal. 
Indeed, for any r < Iq, it holds that 

(1.25) {0, [La^, . . . [La,,Ld] . . .]) (0) = -hA,...AMO), 

for all Ai,. . . Ar, D E {1, . . . ,n}. In particular, if M is k-nondegenerate at 0, then 
it is also of finite type < k + 1. 

Proof. Note that the first part of Proposition 1.24 clearly follows from (1.25). 
Hence, we shall only prove (1.25). For any 1-form ^ and vector fields X, Y, we 
have the following well known identity (see e.g. [He]) 

(1.26) {d^, XAY)=X{^,Y)-Y X) - [X, Y]) . 
Thus, for a holomorphic 1-form a; on M, we obtain 

(1.27) {iv, [La, Ld]) = La {to, Ld) - {Cauj, Ld) • 
By applying (1.27) with co = 6, we deduce that 

(6', [Lai,Ld]) = -hAiD- 
By Lemma 1.18 and the symmetry of the tensors /i^j... 1^/5(0), we then deduce that 

(1.28) {Lc,...LcAdALA„LD]))iO) = -hc,...c,A,D{0), VO < s < 4 - 1, 

where s = in (1.28) means {9, [La^,Ld]) (O) = -hA^oiO). By applying (1.27) 
with u) = jCg. . . . jCg^O, we obtain 

(1.29) . . .CB^O,[LA^,LD]j = LAih§^ BjD - hAiBi...BjD- 
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Hence, it follows from Lemma 1.18 and the symmetry of the h^^ ^^jj{0) that 

(1.30) (^Lc,...Lc,{Cs^...CB,d,[LA,,LD])){0) = 0, V 1 < j + s < 4 - 1- 
Now, assume that 

(1.31) {Lc, ...Lc^ {e, [L^^, . . . [L^^ ,Ln])) (0) = 

where s > and the meaning for s = is analogous to (1.28), and 

(1.32) (Lc, ■■■Lc, {Cb, ■■■t^B, 0, [La^, . . . [L^^ ,Ld]...])) (0) = 0, 

VI <i + s + r <4, 

where j, s > 0, for r = 1, . . . i?. Observe that we have proved this for i? = 1. Now, if 
R < (o, then the (1.31) and (1.32) follows for all r = 1, . . . , i?+l by applying (1.27) 
and Lemma 1.18. The verification of this is straightforward and left to the reader. 
By induction, we deduce that (1.31) and (1.32) hold for r = 1, . . . ,£o. In particular, 
(1.25) holds for any r = 1, . . . ,io. This completes the proof of Proposition 1.24. □ 

So far, everything has been done with an arbitrary choice of basis T,La,La, 
except that we chose the La to be adapted to the filtration in (1.9) as explained 
above. We shall now use the fact that M is embedded in and choose a particular 
basis. 

Lemma 1.33. Let M C be a smooth real hyper surf ace. Then, there is a basis 
T,La,La such that T is real, the La adapted to the filtration (1.9) as explained 
above, and 

(1.34) = R^B = R'^ = Rb = 0, 

for all indices A,B,C,D & {1, • ■ • ^n}. 

Remark. Clearly, the conditions (1.34) are equivalent to d^*" = 0. Based on this ob- 
servation, an alternative proof of Lemma 1.33 can be given by pulling back suitable 
coordinate functions from the ambient space. 

Proof. By making use of the identity (1.27), we conclude that 

, . R'ab = ~ (^'^' l^A^ Lb]) , Rab = - {^^ [La, Lb]) , 

i?^ = - (e^, [La, T]) , i?2 = - {e^, [T, La]) . 

Hence, to prove the lemma, it is equivalent to showing that there is a basis T, La, L^ 
with T real and La adapted to the filtration (1.9) such that the La commute, and 
[La, Lb] and [La, T] are multiples of T. The existence of such a basis, disregarding 
the adaption of the La to the filtration, is well known (see e.g. [BER3, Proposition 
1.6.9]). Since the adaption of the La is a condition only at the point 0, we may 
achieve this by a linear transformation with constant coefficients to any basis La- 
Such a transformation does not affect any commutator relations and, hence, the 
lemma follows. □ 

In what follows, we shall assume that (1.34) holds. 
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2. A REFLECTION IDENTITY FOR CR DIFFEOMORPHISMS 

Let M be a smooth CR manifold as in the preceeding section, and let M be 
another smooth CR manifold of the same dimension and CR dimension, with dis- 
tinguished point e M. We shall denote corresponding objects on M by using ' ; 
e.g. V C CTM denotes the CR bundle on M, f, La,L^ is a basis for C°°(C/, CTM), 
where U is some sufficiently small neighborhood of <E M. We shall assume that 
both M and M are embeddable, locally near € M and € M, as real hypersur- 
faces in C^. Hence, (1.35) holds on M and analogous identities on M. 

Assume that /: M ^ Af is a smooth CR diffcomorphism defined near in M 
such that /(O) ~ 0. Recall that a smooth mapping /: M ^ M is called CR if 
/*(Vp) C V/(p), where /, : CTM — > CTM denotes the tangent mapping or push 
forward, for every p ^ M\ a CR diffcomorphism is a diffcomorphism which is CR 
and whose inverse is also CR. In particular, if / is a CR diffeomorphism then, for 
every p G M near 0, f*{Vp) ~ V/(p)- We introduce the smooth GL(C")-valued 
function (7^), and real- valued functions ^,r]"^ so that 

(2.1) MLB)=liLA, U{Lb)=1^La, MT)=^f + rj^LA+^LA. 
We can write (2.1) using matrix notation as 



(2.2) MT,Le 
By duality, we then have 

(2.3) / 



The main technical result in this section is the following, which can be viewed 
as reflection identities for 7^ and rj^. 

Theorem 2.4. If M is ko-nondegenerate at G M, then the following identities 
holds for any indices D,E £ {1, . . . , n}, 













IB 





jjA 




















9^ 






-/^ 

IB 





9^1 




y^A 









(2.5) 7f =ri(LM>i'^;/), 

(2.6) r?^=s^(Z^,F^;/) 

where 



(2.7) r^{L-^^<i,L'^:q){p), {L^j^, q)ip) 



are sm,ooth functions which are rational in ^"'74 and polynomial in L^^, the indices 
A, C run over the set {!,... ,n}, and J, I over all multi-indices with \ J\ < ko — 1 
and \I\ < ko; here, {p,q) G M x M. Moreover, the functions in (2.7) depend only 
on M and M (and not on the mapping f). 

For the proof of Theorem 2.4, we shall make use of the following identity 
(2.8) {df*u^,X ^Y) = {d{b,f,X ^f,Y), 
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which holds for any 1-form 6j on M and vector fields X, Y on M. First, letting 
il) = 9, X = L^, and Y = Lb, we obtain 

(2.9) ChAB = Is'^hcD- 

Here, and in what follows, we abuse the notation in the following way. For a 
function c defined on M, we use the notation c to denote both the function c o / 
on M and the function c on M. It should be clear from the context which of the 
two functions is meant. For instance, in (2.9), we must have fiQD = h^jj o /. By 
letting (b = 6^, X = L^, and Y = Lb in (3.1), we obtain 

(2.10) L^7l + ^""/^AB = 0. 
Applying (2.8) with X = L^, Y = T, and u = 9, we obtain 

(2.11) L^^ + = fdhc+^v'^hcD, 
and with ill = 0'-' , we obtain 

(2.12) L^v'^ + r]'^hA = 0. 
To obtain (2.11) and (2.12), we have used the fact 

du), Lq a Lq^ = Lc (lo, Lq^ - Lq (u, Lc^ - (uj, [Lg, L^] 
= 0, 



which holds for any holomorphic 1-form iZ> on M by the formal integrability of the 
CR bundle V. We apply (2.8) one last time, with (0 = 6^ , X = T, and Y = La, to 
obtain 

(2.13) T^^ - LaV^ - V^h^ = 0- 

Lemma 2.14. For any nonnegative integer k, and indices Ai,... ,Ak,B,C € 
{1, . . . ,n}, the following identities hold 

(2.15) Lc{lBhA^...AuD) =lBlchA^...AjH- 

lBlchA^...AkhiH - r]"hA^_AkHhcB 

and 

(2.16) Lc{v^hA,...A^D) = v"lhhA^...AjH - v"lcfiA,...A^hjH 

-v"'hA,...A^Hhc- 



Proof. We shall prove (2.15). Recall that hA^,,,AkD (2-15) denotes a^d ° / 
by the convention introduced in §1. Hence, 

(2.17) LcihA,...A,D) = lh{LjhA,...A^D), 
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where according to our convention Ljh^^ = {Ljh^^ j^jj) o /, and we obtain 

(2.18) Lc{iEh,...A,D) = iLclE)hA,...A,D + lBlh{LihA,...A,D)- 
Let us rewrite (2.10) as 

(2.19) L^7f = -V^'h^B- 

The identity (2.15) follows by substituting (2.19) in (2.18) and then applying 
Lemma 1.13. 

The proof of the identity (2.16) is completely analogous. Expand the left hand 
side by the chain rule, and then substitute for the derivatives of rj^ by using (2.12), 
and for the derivatives of h^^ ^^jj by using Lemma 1.13. The details are left to 
the reader. □ 

The following two lemmas will be important in establishing Theorem 2.4. 

Lemma 2.20. For any integer k >0, and indices Ai, . . . , Ak, B G {1, . . . , n}, the 

following identity holds 

(2.21) 7^7^" . • • Ac,...c.D = rA,...A,B /) + C Sa,...a.b (L^; f) 

fc-1 fe-i 



;=i 

where 



^2 22) ^Ai...A,s(i-^75;9)(p), SAi...A,s(i-^75;9)(p), 



are polynomials in L-^J^, where A, C run over the indices {1,... ,n} and J = 
(Ji, . . . ,Jt) S {1, . . .n}* for t < k — 1, whose coefficients are smooth functions of 

{p, q) G M X M ; here, we have used the notation = L . . . Lj^ . Moreover, the 
functions in (2.22) depend only on M and M (and not on the mapping f). 

Proof. We observe that (2.9) satisfies the conclusion of Lemma 2.20 for fc = 1. 
Assume that the conclusion of Lemma 2.20 holds for all integers k = 1, . . . j — 1. 
Fix indices Ai, . . . , Aj^i, B G {1, . . . , n}, choose an index Aj G {1, . . . , n}, and 
apply L^, to (2.21) with k = j — I. The statement of the proposition for k = j 
now follows by applying Lemma 2.14 and substituting for L^.^ using (2.11). The 
proof is completed by induction on fc. □ 

Remark. In what follows, we shall use the notation r, s, t, and u with varying sets 
of sub- and superscripts for "generic" functions which may be different from time 
to time. 

Lemma 2.23. For any integer fc > 0, and indices Ax, ... ,Ak € {1, • • • ,n}, the 
following identity holds 



(2.24) ,7^71^ • • • l'i'M...c,D = rA....A, (^M- L'^; f) 



1=1 1=1 
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where 

(2.25) r^,...A.(i^,i'"e;?)(p), «5;;-5f(Z^;g)(p) 

are polynomials in L-'^'^ and L^£, in the former case and in L-^j'^ in the latter, 
where A, C run over the indices {1, ... , n} and J = (Ji, . . . , Jt), I = {Ii, . . . , It+i), 
with Ii,Jj G for t < k — 1, whose coefficients are smooth functions 

of {p, q) € M X M; here, we have used the notation = Lj^ . . . , Lj^ and 
L-^ = Lj^ . . . ,Lj^. Moreover, the functions in (3.18) depend only on M and M 
(and not on the mapping f). 

Proof. We start with equation (2.11) and proceed as in the proof of Lemma 2.20. 
We leave the details to the reader. □ 

We are ready to prove Theorem 2.4. 

Proof of Theorem 2.4. Using the fact that the matrices (7^) are invertible, we 
rewrite (2.21) and (2.24) as follows 

(2.26) i^h^,...A,j, + ^ iEhc,...c,D 'tt:-% /)+ 

1=1 

and 

(2.27) [hA,...A.D + E hc....c,D (i^; /)) + 

fc— 1 

1=1 

To prove the theorem, we must show that there are n choices ^ , where ^ = 
A-[. . . Aj with Ij < ko, such that the linear equations (2.26-2.27), with A = A' for 
j = 1, . . . , n and B = 1, . . . n, can be solved uniquely for 7^ and r]^ near 0. For 
this it suffices to show that if, for some {vq,v^) G C" 

fe-i 

(2.28) /i^,...a.d(o) + E^^'^c,...c,D(o)'tS:;::£B(^;/)(o)+ 

k—l 

E ^''^c....c,d(o) /)(o) = o 

and 

(2.29) v"" (^hA,...AM^) + J2''c,---CiDi^ + 

k — l 

E^^'^c....c5,D(0)'t2:if (I^;/)(0) = 0, 
1=1 
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for all Ai,. . . Ak, B € {1, . . . ,n} and all k < ko, then v§ = v = 0. To see this, 

(2) (2) 

note that (2.28-2.29), for fc = 1, implies directly that v" = v% = 0; recall 
the convention introduced in §1 that the indices a^'^'^^^ run over {1, . . . , r^}, where 
rk = n — dimFfc(O) as introduced in §1, and the indices a^''~^^) run over the set 
{rfe + l,...n}. Thus, since /iAa(2)(0) = 0, the equations (2.28-2.29) for fc = 2 

reduce to 

(2.30) vf ha.a^., (0) = 0, t;"^'"' ftA.A2a(=) (0) = 0, 

which in turn implies v" ' = Vg ~ 0. Proceeding inductively, using at each step 
the fact that for any integers I < j < k < ko, 

(2.31) ^Ai...A,a('^)(0)=0, 

we conclude that the equations (2.28-2.29), for k < ko, imply = v'^^''"^^^ = 

0, which is equivalent to = Vg = since rkg+i = n for a fco-nondegenerate CR 
manifold. This completes the proof of Theorem 2.4. □ 

3. Proofs of Theorems 1,2, and 3 

We begin with the proof of Theorem 2. For this proof, we shall need the following 
two lemmas. We shall keep the notation introduced in previous sections. 

Lemma 3.1. For any indices D,E,F G {1, • • • ,n}, multi-index J, and nonnega- 
tive integer k, we have the following 



(3.2) M-^7#=rfi(LV), 

(3.3) LELJThp =s^^^ (jJt^, Wr^^^+hf) , 

where the functions in (3.2-3) are smooth functions which are rational in the ar- 
guments appearing inside the parentheses. The indices A, C run over the set 
{!,... ,n}, and I, K, over all multi-indices with \I\ < \J\, \K\ < \J\ — 1; the 
integer m runs from to k. Moreover, the functions in (3.2-3) depend only on M 
and M (and not on the mapping f). 

Proof. We shall use the following fact, which is an easy consequence of the com- 
mutator relations established in the proof of Lemma 1.32. For any vector field 
X e {La, La, T} and any multi- index J = (Ji, . . . J| j|), we have 

(3.4) XL'^ = L'^X+ ckL^T, 

\K\<\J\-1 

where the ck are smooth functions on M (which depend on X and J). To prove 
(3.2), we observe that, in view of (3.4), we have 



LeLJ-j^ =LELJ'y^ 

=l7l^+ Y1 ^kL^. 

\K\<\J\-1 

The identity (3.2) follows from (2.10) and (2.13). The proof of (3.3) is similar, and 
left to the reader. □ 
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Lemma 3.6. For any index E & {1, . . . ,n}, multi-indices J and any nonnegative 
integer k, we have the following 

(3.7) LeL^TH = sf (L^, UT^, UT^, LW^^, T™7^, T™??"^; /) 

where the function in (3.7) is a smooth functions which are rational in the arguments 
preceding the ;. The indices A, C run over the set {1, . . . ,n}, and I, K over all 

multi-indices with \I\ < \ J\, \K\ < |J| — 1; the integer m, runsfromO to k. Moreover, 
the function in (3.7) depends only on M and M (and not on the m,apping f). 

Proof. We apply (3.4) as in the proof of Lemma 3.1 to deduce that that LeL-'T'^S^ 
is linear in UT^, r^T™+T|, and L^T'^L^ C. To eva luate the latter term, we 
make use of (2.11) and (2.13) to deduce that L-'T^Lj^S^ is polynomial in L^T"^^, 
Ut^, L^-f^, and L'T"'j'^. Finally, we commute and T" using (3.4), and 
then use (2.10) to conclude that L^T'^j^ is a linear function of T™7^ and T'^rp . 
Summing up, we obtain (3.7). This completes the proof of Lemma 3.6. □ 

The following argument is inspired by the paper [Han2]. We shall say, for a 
function u on M, that m € if 

(3.8) u = r(lJ^, L^T^rjC, UT^^, L^T^'^a, L^T'^rj^; /), 

where the function in (3.8) is a smooth functions which is rational in the arguments 
preceeding the ;. The indices A, C run over the set {1, . . . ,n}. The multi- indices 
/, N and the nonnegative integers m, n run over all multi-indices with |/| + m < p, 
|A^| +n < a. Moreover, the function in (3.8) should depend only on M and M (and 
not on the mapping /). Similarly, we shall say that u e Cp'g if (3.8) holds with 
the additional condition that m < q, n < b. Observe that by Lemma 2.30 (and the 
reality of ^), we have 

(3-9) 7^,r?^,^eC,;y\ 

where the negative ones in the superscript signify that no terms involving L^j^ 
or L^T]^ appear. Recall that ko is the order of nondegeneracy of M. By (2.10-12), 
we obtain 

(3.10) L^j^, L^v"" G C^X' 

for any multi-index J. By applying Le to e.g. the equations for L-^^p and using 
Lemmas 3.1 and 3.6, we conclude that 

(3.11) M^7l? = r|(I^,FTV^,I7T^,75,r?'';/), 

where \K\ < fco — 1, |/| -|- m < fco, and m < 1. By substituting for 7^ and r/'^ in 
(3.11) using the equations provided by (3.10), we conclude that LeJe € 
We obtain a similar equation for LpL^'ri''' ■ Hence, wc obtain 



(3.12) 
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Next, by applying Lp to the equations for LeL'^'Jp and LeL'^t]^ , provided by 

(3.12) , we obtain 

(3.13) L pLeL^7^ , L pLsL^V^ e . 
Similarly, repeated application of Lp^ , Lp^ , • • • , Lp^ yields 

(3.14) Lp^... Lp^LeLJjS, Lp^... Lp^LeL^t^^ g C-^^l],. 

Hence, by taking linear combinations of Lp^ . . . Lp.LpLp.^^ . . . Lp^L^ , we deduce 
that 

(3.15) [. . . [Le, Lp^l LpjL^'jE, [■ ■ ■ [Le, LpJ, LpjE^r,^ e C^^^-.^. 
Let io < ko be the integer provided by Lemma 1.24 for which 

(3.16) [...[Le,LpJ,... ,LpJ=aT, 

for some function a with a(0) ^ 0. Then, (3.15) implies, in particular, that 

Before proceeding, we shall need the following result on commutators of differ- 
ential operators, which seems to be of independent interest. 

Proposition 3.18. Let £o be the smallest integer for which (1.23) holds. Then, 
for any multi-index J, integer k > 1, and index F G {1, ... , n} there exist smooth 
functions a^i-EmFi-F, ^ 1)Ei...e^ ^^^f^ ^f^^^ 

\J\+kmea 

(3.19) ^ ^a^-^-^-^n---[ii=.---ii=.,iA].^^J---iFj = L'T'^- 

m=l 3=0 

and 

\J\+k k 

(3.20) Yl E [■ ■■i^E,--- Le,.. . Lp] . I,.; ....Lp] = {hp^fL^T^ 

m=i s=o ' ; ' 

length s 

where p = + | J| — | J|i + 1 and \ J\\ denotes the number of occurences of the index 
1 in the multi-index J; here, the length of the commutator [. . . [X, Fi], ¥2] . . . , Vg] 

is s. 

Proof. In this proof, we shall use the following notation to simplify the notation, 

^Ei...E,n,Fi---Fs •=[••• [{Lei ■ ■ ■J^E,rv'Lp^],LpJ . . . ,LpJ, 

where CEi...E,n is understood to mean Le^ ■ . -Le^- Using bilinearity of the com- 
mutator and the identity 

(3.21) [AB, C] = A[B, C] + [A, C]B, 
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a straightforward induction shows that 

(3.22) [...[[Le,Le,...Le^,Lp;\,Lp^\... ,L^J = 

(i>j)eP2(s) 

where ^2(5) denotes the set of all partitions of {1, . . . , s} into two disjoint increasing 
sequences i = (h, . . . ,is-i), I < ii < ■ ■ -is-i < s, and j = (ji, . . . I < ji < 
■ ■ ■ < ji < s for I = 0, . . . s. (Of course, for e.g. I = the partition is understood to 
be the trivial one i = (1, . . . , s) and j = 0.) Similarly, if we denote by Pm{s) the set 
of all partitions of {1, . . . , s} into m disjoint increasing sequences ■ ■ ■ , J, 

1 < «i < • • • < s, t = 1, . . .m, and '^st = s (allowing empty sequences), then 
we have 

(3.23) [...[[Le,Le,...Le^,Lf^],Lp^]... ,L^J = 

(ii,...,i^)ep„(«) '1 

Observe that Fi...Fs ~ Fi...Fs'^^ '^'-"^ some function Fi...Fs such that 

«B,Fi...F3(0) = 0, Vs < lo, and aj^^p.^...^^^ (0) = /ifi...f,„e(0) 7^ 0, 

for some choice of Fi, . . . , F^^. Hence, with s = l^we obtain, by (3.23) and Lemma 
1.24, 

(3.24) 

m 

[. . . [Lei ...Le^,Lp^],Lf^] ... ,Lf^^] = Y{hF,...Fe^Ei + o{'i-))LEi ...Le, ■■■Le^T 



1=1 



\K\+p=m \K\<m-2 

\K\<m-2 ' '~ 

where 6i.p(0) = 0, Lei means that factor is omitted, and o(l) denotes a function 
vanishing at 0; the last sum in (3.24) arises from arranging (by commuting) so that 
the vector field T comes last in the first sum. Recall, from §1, that for each index 
Q,(^o) g {1, . . . jrfg} there exist Fi, . . . ,F(,„ so that hp^ q('^o)(0) 7^ 0. For this 
argument, we only need the fact that there exist Fi, . . . , F^^, so that hp^ p^^i{0) ^ 
0. We choose Fi, . . . , Fig to be minimal, in the lexicographical ordering {Ai . . . Ag < 
Bi . . . Bg if, for some r < s, Ai < Bi for i < r, and Ar < Br), with this property. 
Setting El = . . . E^n = 1 , we observe that we can solve for L^'^T in (3.24). Setting 
El = . . . Em-i = 1 and Le^ — Le with E >2, we can then solve for L^-^LeT. 
Proceeding inductively, we see that we can solve for any L-^T, with \ J\= m — 1, in 
terms of 

[. . . [Le-, . . . Le^,Lf^], LpJ ... , LpeJ, bxpL^T^, L^T, 

where K runs over multi-indices with |A'| < m — 2, and p over positive integers 
such that \K\ + p = m, and each bkp{0) = 0. Next, letting s = 2(.q and F^o+j = Fi 
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for ? = 1, . . .^0) we obtain (by also using that hp^ p^^ is symmetric in the first s 
indices Fi, . . . Fg) 

(3.25) 

m 

[. . . [Lsi • • • Le^,Lp^], LpJ ... , Lp^^J = ^ aEjFi...F2eo^Ei ...Lei... Le^T 

1=1 

+ Cp J2 ihp^...Fe^E,^hp^...Fe„E,^ + o{1))Le, ■ ..Le,^ ■ ..Le,^ ■ --Le^T^ 

l<li<l2<m 

\K\+p=m |Ji:|+p<m-l 
|S:|<m-3 P=l,2 

where cp is some combinatorial factor (> 0) which depends on the minimal set 
of indices -Fi, . . . ,F('„. Using the fact that wc have already solved for the L^T, 
\J\ = TO — 1, in terms of bK2L^T^ where 6x2(0) = 0, a similar argument to the one 
used above shows that we can solve for each L-^T^, | J| = m — 2, in terms of 

[...[Le,...Le^,LpJ,Lp^]... ,Lp^j, o(i)L^rf, L«r, L^r2 

where K, Q, runs over multi-indices with \K\ < m — 3, \Q\ < to — 2, and p over 
positive integers such that \K\ + p = m. Proceeding by induction over k (with the 
total order to fixed), we eventually find that we can solve completely for T"* in 
terms of 

[. . . [Lei ■ ..LE^,Lp^],LpJ . . . jLp^^J, L^TP, 
with IJ^I + p < TO — 1. Substituting back, we obtain 

Mo 

E a^-^"^-^" [. . . [Le, . . . LE^,LpJ,LpJ ...,LpJ= L't'^ 

n=0 

\K\+p<m-l 

where m = \J\ + k. The proof of (3.19) is completed by a simple induction on the 
total degree to. 

For the proof of (3.20), we proceed analogously by first setting s = 1 and Ei = 
... = Em = lm (3.23). We find that 

(3.26) rnhpiL'I'-'T = Ce,...e^,f + Yl ^kL^T. 

\K\<m-2 

Next, with Ei = . . . = Em-i = 1 and Em = E, we obtain 

(3.27) im-l)hp,LT-'LET + hpELT-'T = CE,...E^,p+ Y '^kL'^T. 

\K\<m-2 

Thus, multiplying by hpi and using (3.26), we obtain (3.20) for a multi-index 
J = (1,... ,1,£;) e {1,... and k = I. Similarly, we obtain (3.20) for 

arbitrary multi-indices J and A; = 1. Proceeding inductively, setting s = 2, 3, . . . fc, 
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using (3.23), and multiplying through by a suitable power of hp^ to apply the 
results obtained in previous steps, we arrive at (3.20). The details are left to the 
reader. This completes the proof of Proposition 3.18. □ 

To complete the proof of Theorem 2, let us observe the following schematic 

diagram which describes the action of applying the operators to elements in 

^-1,-1 



yo.^O) '~^q+k,q '-^q+k,q+l '^q+k,q+2 



^'I'k f-^q+k-l,q+k-l ^'^k+l „g+fe,g+fe „g+fe+l,q+fc 

^ ^q+k,q+k * ^q+k,q+k ^ ^q+k,q+k *■ ' ' ' 

The verification of the diagram is straightforward using Lemmas 3.1 and 3.6, and 

the details are left to the reader. Similarly, we have 

(3.29) 

/~ia+k,a f^a+k,a+l ^^2 ^^k ^a+k,a+k ^''k+l ^a+k,a+k ^''k+2 

P,q ^p+l,q ■ • • ^p+k,q ^p+k+l,q ' " ' 

We claim that the following holds for any multi-index J and nonnegative integer k, 
(3.30) L^tS#, i^TS^ e C-X\,r.Hko,mV 

where m = \ J\ + k. Observe that (3.30) holds for m = 1 by (3.12) and (3.17). 
We shall prove (3.30) by induction on m. Thus, assume that (3.30) holds for all 
m < mo — 1. By Proposition 3.18, we can produce the differential operator L'^T'^ 
by taking linear combinations of operators of the form L^L^L^, where \P\ + \R\ < 
molo, \Q\ < mo, and mo = \ J\ + k. Applying first L'^L^ to e.g. "fp we conclude, 
using (3.10) and the diagram (3.28), that L'3L«7|? e C,7^i(X';^„'-™»-^) . By ap- 
plying to the equation for L'^L^jp and using the diagram (3.29), we obtain 
L-^T'^-fS e CT"r'^'7°'- ,1. V The conclusion L^T'^-fS e C^Y'^ ^ fol- 

lows by using the induction hypothesis to substitute for the L^T"^^^ and L^T^rf" , 
with |/| + TO < rriQ — 1, that appear in the equation for L^'T^^p . By applying the 
same argument to t)^ , we conclude that (3.30) holds for m = mo and, hence, for 
all m by induction. This proves the claim. In particular, we then have 

(3-31) T^l¥,T'^r,^^C-Xkl^n(k.^,y 

By applying L'^ to these equations and using (3.28), we deduce that 

(3.32) L^TSf, L^T'^r/^ e ^a{J,kU'{J,k) 



-"/co+Mo,9(J,fe)' 



where 



(3.33) a(J, k) = min(fco. A;) + | J| - 1 

(3.34) q{J, k) = m.m{ko + Mq, min(fco, k) + | J|), 



and 



q'{J, k) = min(A;o + k£o, min(fco, k) + \ J\ — 1). 
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Observe that (3.32) implies 

(3.35) i^TS^, L-^T^^ e 41to7:;'„+fe:/: - : O < ^ < ^0. 

Now, from (3.4) it follows that L^T*^^ = T'^L^^ modulo terms of the form T'^L^S, 
with \S\ < \R\. Hence, by applying (2.11-13), we conclude that L^T'^^ is a polyno- 
mial in T"^ = T^, r™r/C, L^-^i , and L^T'^-'^rp , where m < fc, < - 1, 
and |/| < \R\. It follows that we also have 

(3.36) i"r'=Ce<K7o;Kot' Vfc:0<fc<A;o. 

Let us introduce the new class D^'J consisting of functions u for which there is an 
equation 



(3.37) u = r{L'-rA^ L'T^r^^ , L^T'^C L^T^j^, L^T""?^^ ; /), 

where \I\ + m < p, m < q, \N\ + n < a, n < b, and the function r is rational in 
the arguments preceeding the ";" and only depends on M and M. By the above 
remarks concerning L^T'^^^ and (3.31), we have 

(3.38) TS#, TS- G 



Since equations of the form (3.37) do not involve terms of the form L^T™^, we 
obtain a different diagram describing the action of Le on the classes Dplq, namely 



\ I q+k,q q+k,q+l q+k,q+k 

* ^q+k,q+k * ^q+k,q+k *■ • • • 

By (3.38 39), wc deduce 

(3.40) L^TSI?, L'T'^n^ e I)£:iiin(fco+fe^o,fco+|7|)' Vfc: > fco + 1. 
We have the following technical, but important, lemma. 

Lemma 3.41. For any multi-index J, and nonnegative integer k < ko, we have 

(3.42) L-^T^-iF, L-^T''r]°, L'^T''^ G C\^\^^^^i^^^^y^^^^^^^^^f^^^^y^. 

Proof. By (3.35-36), we have 

(3.43) L^tSF, i^TS^, L^T'^^ e ^itio'/ttwo- 

Observe that (3.43) reduces the total order of the unconjugated terms by at least 
one. Now, in the equations given by (3.43), there may appear terms of the form 

L'^T^i^c^ L'^T^^n'^^ where + fci < | J| + A: - 1, and fci < fco + k^o- For those 
term with fco + 1 < fci < fco + fco^Oj wc may apply (3.40) to deduce that 

(3.44) L^'T>'^l%L''T'^^n'^^Dl:X\':}tL 



fco+(fco+feo^o)^o,min(feo + (feo+fco^o)^o,fco+|/M)" 
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Note that, since fci > fco + 1 and \I'^\ + ki < |J| + fc-l, we have fco + < | J| + A:-2. 
For those terms T'^^j^, T''^]^ with ki < kg, we may apply (3.35) again. 
In any case, we have reduced the total order of the unconjugated terms by two. 
In the equations given by (3.44), there may appear terms of the form T'^^'y^, 
L^^T'^^Tj^, and also L^^T^^S,., where \P\ + k2 < fco + |/i| < \ J\ + k-2, and ka < ka. 
We again substitute for these terms, using the equations given by (3.35-36). This 
reduces the total order of the unconjugated terms another step. Proceeding in this 
way, alternately substituting using cither (3.35 36) or (3.40), wc eliminate all the 
unconjugated terms (in a finite number of steps). At each step we introduce new 
conjugated terms, but in view of (3.35-36) and (3.40), the total order of these never 
exceed fco + (fco + ko£o)£o- This completes the proof of Lemma 3.41. □ 

By substituting, using Lemma 3.41, for the conjugated terms that appear in 
the equations provided by (3.30), we conclude that for any multi-index J and 
nonnegative integer k, we have 

By using (2.10) and (2.12), we conclude that for any multi-indices R and 5*, any 
nonnegative integer k, and any indices D, F e {1, . . . n}, there are smooth functions, 
which are rational in their arguments proceeding the such that 

where |/| + j < fco + (^o + fco^o)^o- Finally, by using (2.11), its complex conjugate, 
and Proposition 3.18, it is not difficult to see that L^T^L^S^ can be expressed in 
terms of ^ and derivatives of 7^, 7^, rf" , and rj^ . Thus, in view of (3.46), we also 
have, for any R, S, and k, 



(3.47) L^T'^L^^ = t^^^ [L^T^-i^, L^T^ff, L^T^^, L'T^j^, L'Tiri'=', L^Ti^; /) , 

where / and j run over the same indices as in (3.46). Now, recall that £0 < k^. The 
conclusion of Theorem 2 follows by writing (3.46-47), for all R, S, k such that 

|it;| + \S\ + k = ko + {ko + kl)ko + 1 

in any coordinate systems x = {xi, . . . , X2n+i) and x = (xi, . . . .X2n+i) for M and M 
near the points e M and € M, respectively, and observing that the same system 
of differential equations holds for any CR mapping / sending a neighborhood of 
in M into M with /(O) sufficiently close to 0. This completes the proof of Theorem 
2. □ 

Remark. We would like to point out that a much simpler conclusion of the proof 
of Theorem 2 can be given in the case Iq = 1, i.e. when the Levi form of M has at 
least one nonzero eigenvalue at 0. We can then use the commutator identity (3.20) 
instead of (3.19) to conclude 

(3.48) L^rSI?, L^rS^ e ^^^-^^.^(.o,™)' 
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instead of (3.30). By substituting for conjugated terms, using only (3.48), we obtain 
directly equations of the form (3.46) in which |/| +j < 2ko. We invite the reader to 
carry out the details in this case. Observe that the system of differential equations 
obtained for / using this argument is of order 2kQ -\- 2 rather than /cq + /cq H- 2 as 
given by Theorem 2 (or fco + (^o + ^o^o — l)^o + 2 = 3fco + 1 for = 1, which is 
the order that actually follows from the proof of Theorem 2 presented above). 

A similar simpification of the proof in the general case would be possible if one 
could prove that it suffices to take the sum over s in (3.19) to run from s = to 
s = k£o instead of all the way up to s = m£o. 

Proof of Theorem 1. The system of differential equations (0.3) is a so-called com- 
plete system of order kg + kg + kg + 2. In particular, any solution is completely 
determined by its (fc^ + k^ + ko + l)-jet at G M (see e.g. [BCG^]. cf. also [Han2, 
Proposition 2.2]). On the other hand, if a; — > Z{x) is an embedding of M into 
sending po € M to G and x' Z'{x) is an embedding of M' sending 
Po to G C^, then for any smooth CR mapping f : M M, with f{po) = p'q, 
there exists (see e.g. [BER3, Proposition 1.7.14]) a formal power series mapping 



Z' = F{Z), with F(0) = 0, sending M into M' (i.e. p{Z, Z) divides p'{F{Z), F{Z)) 
in the ring of formal power series in Z, Z; cf. e.g. [BER4]) such that 



where ~ denotes equality as formal power series. Also, by [BER4, Theorem 2.1.1], 
the 2A;o-jet at of any invertible formal mapping Z' = F{Z), with F{0) = (0), 
sending M into M' determines the series F{Z) completely. In particular, it follows 
from (3.49) that the 2fco-jet at po of a CR diffeomorphism f : M M' , with 
f{Po) = p'o, determines its (/cq + Aiq + fco + l)-jet at po- Hence, the conclusion of 
Theorem 1 follows from Theorem 2. □ 

Proof of Theorem 3. We shall need the following proposition. 

Proposition 3.50. // a smooth real hypersurface M C is holomorphically 
nondegenerate atpo € M, then there exists an open neighborhood U ofpo G M and 
a dense open subset U' CU such that M is [N — 1) -nondegenerate at every p G U' . 

Proof. The statement that, under the hypotheses in the proposition, there exists 
an open neighborhood U of po such that M is finitely nondegenerate on a dense 
open subset U" C C/ is a consequence of [BER3, Theorem 11.7.5 (iii)]. To prove 
Proposition 3.50, it suffices to show that if M is not fc-nondegenerate, for any 
fc < A'' — 1, on an open set V , then M is in fact not finitely nondegenerate at 
any p G F. Recall the subspaces Ej{p) C TpM defined for j = 0,1,... in §1. 
Assume that Eff_i(p) is a proper subspace of T^M for every p G V, i.e. M is not 
fc-nondegenerate, for any k < N — 1, in V. Since dimcTpM = N, we conclude, by 
(1.3), that there must be an open subset V C V and an integer 1 < ^ < A' — 1 
such that 



We claim that if S^_i(g) = E({q) for all q in some open sufiiciently small set 
V C M, then in fact Ee-i{q) = Ek{q) for aU fc > ^ and all q G V. To see 



(3.49) 



Z'{f{x))^F{Z{x)), 



(3.51) 



Ee-i{q) = Ee{q), G V'. 
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this, observe that (3.51) imphes that, for every Ai, . . . , A( € {1, . . . , N}, there are 
smooth functions a " / such that 

Ai...Ae 

e-1 

(3.52) . . . = ^ • • • ^c,0 

i=o 

in V'. (3.52) imphes that Ee+i{q) = E^{q) for q g V' , and the claim foUows by 
induction. We conclude that M is not finitely nondegenerate in y. A simple 

connectedness argument applied to each component of V proves that M cannot be 
finitely nondegenerate at any point in V . This completes the proof of Proposition 
3.50. □ 

We return to the proof of Theorem 3. The fact that M is minimal at po implies, 

by a theorem of Treprcau (see e.g. [BER3, Theorem 8.1.1]; the analogous result 
in higher codimensions was proved by Tumanov), that for any open neighborhood 
U of po in M, there exists an open connected set f2 C (on "one side of M" ) 
such that f/' := n M C t/ is an open neighborhood of po and every smooth CR 
function in U is the smooth boundary value of a holomorphic function in VL. We 
deduce by the uniqueness of boundary values of holomorphic functions, Proposition 
3.50, and Theorem 1 that there exists pi G U' such that if /i,/2: C/ M' are 
smooth CR diffeomorphisms into some smooth real hypersurface M' C and 
a«/i(pi) = 9«/2(pi), for all |a| < 2{N - 1), then /i = /a in U' . Using this 
fact, the proof of Theorem 3 is completed exactly as the proof of [BER2, Theorem 
2]. Choose Yi,... ,Ym G aut(M,po) which are hnearly independent over M, and 
denote by F{x,y), where x = {xi, . . . ,X2n-i) is some local coordinate system on 
M near po and y = (j/i, . . . , ?/„) G K™, the time-one map of the flow expt(yiYi + 
. . . + ymXm): for y in some sufficiently small neighborhood V of the origin M™. 
The arguments in [BER2] combined with the uniqueness result stated above, for 
a suitably chosen open neighborhood of U of po in shows that the mapping 
V j2(^-i)(M,M')pi, given by 

(3.53) y ^ (9"i^(pi, y))|a|<2(JV-l), 

is smooth and injective. Hence, m < dimKJ^(^~^^(M, M')p^ which proves Theorem 
3. □ 

Proof of Theorem 4. The conclusion of Theorem 4 is a direct consequence of The- 
orem 2 and Proposition 3.54 below. We shall use the notation J*^(]R^,IR'")o for the 
space of fc-jets at G M« of smooth mappings /: ^ M", and = (Af ), < k 
and i = 1, . . . , m, for the natural coordinates on this space in which the fc-jet of / 
is given by Af = 9^/^(0). 

Proposition 3.54. Let U C J'=(R«, R")o x W be an open domain. Let rJ(A'' )(.T), 
for any multi-index a G with \a\ = k + I and any j = 1, . . . ,m, be sm,ooth 
("C"^; functions on U. Then, for any Ag G J'=(M«,M™)o such that (Ag,0) G U, 
there exists a uniquely determined smooth function F : Uq x Vq ^ M™, where Uq 
is an open neiyhborhood of Xq g J'^(R'^, M"*)o and Vq is an open neighborhood of 
G M*, such that if f = {fi, . . . , fm) solves 



(3.55) 



d^fj = rfid^J), V|a| = fc + 1, i = 1, . . . , m. 
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near G R9 and if) G Uq, then 

(3.56) FOo^(/),.)=/. 

Remark 3.57. Observe that we do not claim that F(A*',-) solves (3.55) for any 

initial value A*^ , but only that if there is a sohition with this initial condition then 
it coincides with F(A'°, •). The idea for Proposition 3.54 was suggested to the author 
by D. Zaitsev. 

Proof of Proposition 3.54. By a standard argument (considering the derivatives 

i9f /) \l3\ < k, as new unknowns), it suffices to prove Proposition 3.54 with k = 1. 
Thus, we may assume that the system (3.55) is of the form 

(3.58) da;Ji = rij{f), i = l,... ,m; j = 1,... ,q. 

Fix Aq as in the theorem. Write x = {t, x') G M x M^"^ and consider the initial 
value problem for a system of ordinary differential equations 

(3.59) 9t/,(t,0) = r,i(/(i,0))(t,0), /(0,0) = Ai, 

for A^ in some sufficiently small neighborhood of Aj. By a classical result (sec [CL, 
Chapter 1.7], Theorem 7.5 and the following remarks), there is a smooth function 
F'^:UixVi^ W"\ where Ui is an open neighborhood of Aj G J'^{m, M'")o and W 
IS an open neig hborhood of G M, such that t ^ F'^{X^,t) is the unique solution 
of (3.59). Next, write x = {xi,t, x") G M x K x M«~2 and consider for each xi G Ui 
the initial value problem 

(3.60) dtfi{xi,t,0) = ra{f{xi,t,0)){xi,t,0), f{xi,0,0) = F\X\xi). 

Again by [CL, Chapter 1.7] (Theorem 7.5), there is a smooth function : U2'xV2 
M™, where U2 is an open neighborhood of Aj G J^(]R*,K'")o and V2 is an open 
neighborhood of (0, 0) G ffi x R, such that 1 1— > F^{X^ ,xi,t) is the unique solution of 
(3.60). Proceeding inductively in this way, we obtain the desired function F after 
the q:th step. The straightforward details are left to the reader. We emphasize 
however that the function so obtained need not be a solution of the system (3.58), 
but it satisfies F{jl^{f). ■) = f whenever / is a solution. This completes the proof 
of Proposition 3.54. □ 

The proof of Theorem 4 follows by applying Proposition 3.54 to the system of 
differential equations provided by Theorem 2. □ 

4.1. Concluding remarks 

4.1. Abstract CR manifolds. In this paper, we have considered embedded real 
hypersurfaces as abstract manifolds with a(n integrable) CR structure. We have 
used the fact that the CR manifolds arc embeddable (i.e. the CR structure is inte- 
grable) to choose a basis for the sections of CTM that satisfy certain commutation 
relations (Lemma 1.33). The author felt that the resulting equations (1.34) simpli- 
fied the computations in the proofs to an extent which, by far, outweighed the loss 
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of generality in assuming that the manifolds are embeddable. Without the use of 
the equations (1.34), the key equations (2.10-13) take the following form 



Analogous reflection formulae to those in Theorem 2.4, as well as analogues of the 
crucial Lemmas 3.1, 3.6, and Proposition 3.18, can be estabhshed (with considerably 
more work than above). The author is confident that a proof of Theorem 2 for 
abstract CR manifolds (of hypersurface type) Ad and M' of the same dimension 
can be produced from these ingredients, but he has not had the patience to check 
the details. 

4.2. Infinitesimal CR automorphisms. It is clear from the proof of Theorem 

3 above that in order for the estimate (0.5) to hold, it suffices that M is minimal 
at po and that there exists an open subset U C M with pq in its boundary such 
that M is finitely nondegenerate on U. The latter holds, in particular, if M is 
holomorphically nondegenerate at po (and, in the real-analytic case, only if), but 
may hold, in the case of merely smooth manifolds, even if M is holomorphically 
degenerate at po (see [BER3, Example 11.7.29]). On the other hand, as is mentioned 
in the introduction, if there exists a vector field Y of the form (0.4), where the 
restrictions of the aj to M are CR functions, which is tangent to M near po, then 
dimRaut(M,po) = oo. Let us call the restriction to M of such a vector field Y a 
CR holomorphic vector field. Thus, one is led to the following question. Suppose 
M is not finitely nondegenerate at any point in an open neighboorhood ofpo. Does 
there then exist a CR holomorphic vector field on M near po ? The author does not 
know the answer to this question in general, but it seems to be related to the range 
of the tangential Cauchy-Riemann operator Bb (see e.g. [B] for the definition). We 
conclude this paper by briefly outlining this connection. 

First, observe that a vector field Y is CR holomorphic if and only if y is a 
section of V and [L, Y] is a CR vector field (i.e. a section of V) for every CR vector 
field L. Now, suppose that there is an open set ?7 C M in which M is not finitely 
nondegenerate at any point. We claim that there exists a (non- vanishing) CR 
holomorphic vector field Y near p G [/ if (i) dimc£^jv-i(5) (which is < iV for q in 
U by assumption) is maximal at q = p, and (ii) BbU = / is solvable at p for every 
(0; l)-form / with dbf = 0. For simplicity, we shall indicate the proof of this only 
in the case dimK£^jv-i(p) = — 1. We choose a smooth nonvanishing section X of 
V near p such that X{q) e Ek{q)^ for all k and all q in an open neighborhood of 
p. (This can be done by assumption (i) above.) We denote by Lj, . . . , a basis 
of the CR vector fields on M near p, where L„ \= Ln = X. We choose a tranversal 
vector field T, as in §1, and denote by 6,6^,0^, with notation and conventions as 
in §1, a dual basis of T, Lj^, L^. The fact that L„ is valued in E^, for every k, 
implies that [L^, Ln] = b^Ln modulo the CR vector fields. We shall look for a CR 
holomorphic vector field Y of the form uL„, where u is a function to be determined. 
It is easy to see that [L^, Y] is a CR vector field if and only if 



(4.1.1) 



Lav'' + rfhA + i%Rl - filR% + Hv^'RIf^ 



(4.2.1) 



Lau + ubA = 
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and, hence, Y is CR holomorphic if and only if (4.2.1) is satisfied for every A G 
{1, . . . , n}. If we could solve 

(4.2.2) BbV = f, 

where / = b^9"^, then u = e~" would solve (4.2.1). The (0, l)-form / coincides 
with the form L„j9f,0", as the reader can verify. From this observation, one can 
check that / satisfies the necessary compatibility condition for solvability, 

(4.2.3) Bbf = db{L„jdbe") = 0. 

Hence, if the tangential Cauchy-Riemann complex is solvable at level (0, 1) at p, 
then we can solve (4.2.2) and obtain a CR holomorphic vector field Y = uLn near p. 
However, the author knows of no results on solvability which apply in this situation 
(unless, of course, M is real- analytic). 
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